In this letter, we drive the explicit relation between the temperature T of classical ideal gas in the universe and the scale factor a(t) of the FriedmanRobertson-Walker metric via dynamical and statistical calculation. This function is valid for both the ultra-relativistic and the non-relativistic cases.
Using the distribution function for the non-relativistic particles [7] , the temperature of cosmic fluid depends the mean energy of the particles as T ≃Ē. Dividing the velocity of particles into Hubble velocity v h = ra ′ (t) and peculiar velocity v pec = ar ′ (t), and then analyzing the geodesic of a particle, in [1] the author qualitatively reached the relation between momentum and scale factor p ∝ a −1 . Then by mass-energy relation E 2 = p 2 + m 2 , he concluded that the cosmic temperature should be T ∝ a −1 for the ultra-relativistic gas, but T ∝ a −2 for the non-relativistic gas.
One of the present authors once also encountered this problem in research [8, 9] .
Using the method similar to [1, 7] , we can actually derive the rigorous relation T (a)
for large range energy expressed by elementary function. In order to solve the function T (a), at first we introduce a useful lemma to solve the drifting speed of the particles.
Lemma. If the line element of an orthogonal subspace have the following form,
in which A and g µν only depend on the coordinate τ , then the geodesic in this subspace is integrable. The first integrals are given bẏ
where C µ are constants, and g µν g να = δ 
if we take r as τ , then in the orthogonal subspace (t, r, θ), the line element has the form Eq(1). Consequently, the geodesic in the orthogonal subspace is integrable, we havė
where C 1 , C 2 are constants. The normal velocity of the particle is given by
Denoting the total square speed by
then by Eq(5), we get the mechanical energy conservation law for a free particle moving in gravity as
Obviously Eq (7) holds for all particles with v ϕ = 0 due to the symmetry of the spacetime.
In cosmology, the space-time is described by Friedman-Robertson-Walker metric
where
The line element in the subspace (t, r) is given by
which takes the form Eq(1). So the geodesic in this subspace is integrable,
where C is a constant only depends on the initial data. By Eq(11) we get the drifting speed of a particle
Then the momentum of the particles with proper mass m n satisfies
Although Eq(13) is derived in subspace (t, r), but it is valid for all particles due to the symmetry of the Friedman-Robertson-Walker metric.
The relation between momentum p and the kinetic energy K is given by
Define the temperature T of the universe as follows
where k is the Boltzmann constant,K the mean kinetic energy of all particles, N the particle number in V , K n the kinetic energy of n-th particle. Taking K n as random variable, the distribution of kinetic energy of the particles is generally given by
which satisfies
where σ is a constant related to the concrete distribution for given particles. Since the following discussions have not any explicit relation with distribution function f , and at most use the second order moment, so the relations given by Eq(17) are enough.
For the Maxwell-Boltzmann distribution,
we can calculate σ = . Eq(16) and Eq(17) are valid for both the ultra-relativistic and non-relativistic cases with multi-particles.
For any particle with proper mass m n , by Eq(13) we have p 2 n = Cn a 2 , where C n are constants only depending on the initial data. Then for all particles we have the mean square momentum directlyp
where C 0 only depends on the initial data.
On the other hand, according to statistical principle and Eq(17), we havē
where N n is the number density of particles with mass m n , and N = n N n is the total number density. Comparing Eq(20) with Eq(19), we get the equation of T (a) as
wherem is the average mass of all particles, and b is a constant depending on initial data. Solving equation Eq(21) with respect to T , we finally get the following neat relation kT = σmb 2 a(a + √ a 2 + b 2 ) .
b can be determined by the initial data a 0 and T 0 b = a 0 kT 0 σm 2 + kT 0 σm .
In conclusion, according to the dynamics of particles and statistical kinetic energy distribution, we rigorously derived the relation between cosmic temperature T and the scale factor a, namely the function Eq(22). By this function, we find indeed that, T ∝ a −1 for high temperature gas, but T ∝ a −2 for low temperature gas.
